We derive the dispersionless Hirota equations of the universal Whitham hierarchy from the kernel formula approach proposed by Carroll and Kodama. Besides, we also verify the associativity equations in this hierarchy from the dispersionless Hirota equations and give a realization of the associative algebra with structure constants expressed in terms of the residue formulas.
Lax Formulation of the Universal Whitham Hierarchy
The universal Whitham hierarchy of genus zero with N + 1 marked points at q α (α = 1, · · · , N ) and ∞ on Riemann sphere is defined by the Lax functions [16] λ 0 (p) = p + Following the notation used in [19, 26] we shall denote () (0,≥0) and () (α,<0) as the projections to nonnegative powers in p and negative powers in (p − q α ), respectively. Therefore Introducing Darboux coordinate (λ 0 , M 0 ) in Ω 0 and (λ α , M α ) in Ω α , we have
where the Orlov-Schulman functions M 0 and M α are defined by [19, 26] M 
From the expressions of the symplectic two-from ω we have, in Ω 0 ,
Therefore, there exists a S-function, S 0 , such that
On the other hand, in Ω α , we have
It turns out that the Orlov-Schulman functions M 0 and M α have the expressions
then the S-functions admit expansions of the form
The Hamilton-Jacobi equations are defined by
The above equations provide some relations between the coefficients (u j , u jα , r α , q α ) and (φ α , v αn ).
For instance, from B 01 = p we have
which implies u 2 = ∂ 01 v 01 , q α = ∂ 01 φ α and r α = −∂ 01 v α1 . On the other hand, B α0 (p α ) = ∂ α0 S α = − log(p α − q α ) which yields r α = e −∂ α0 φα . In fact, there exist a F function [16, 19, 26] such that
where F αn = ∂ αn F . Then we see that u 2 = ∂ 2 01 F , the dKP potential. And from r α = e −∂ α0 φα , ∂g ∂p ). The time variable −t α0 seems to play the role of the parameter s in the usual Poisson bracket of the dToda hierarchy [22, 24, 25] . Therefore the universal Whitham hierarchy can be viewed as an assembly of one dKP hierarchy and N copies of dToda-like hierarchies.
3 Carroll-Kodama Approach
Kernel Formulas
In contrast to the dKP and dToda hierarchy, the Whitham hierarchy contains N + 1 Lax functions λ 0 and λ α that are defined in domains Ω 0 and Ω α (α = 1, · · · , N ), respectively. To derive the kernel formulas of the universal Whitham hierarchy we shall generalize the method of kernel formula to the domains Ω 0 , Ω α , Ω 0 ∩ Ω α and Ω α ∩ Ω β (α = β).
In Ω 0 , from the expression of B 01 = p = ∂ 01 S 0 , we have
Multiplying above by λ n−1 0 ∂ p λ 0 and taking the projection () (0,≥0) then we obtain
where Q 0,n (λ) = B 0n (λ)/n. Taking the summation n=0 µ −n and noting that
Integrating above with respect to p 0 (λ) by fixing the integration constant at µ → ∞, we find
Rewriting the expressions of p 0 = ∂ 01 S 0 and B 0n = ∂ 0n S 0 in kernel formula (5) as
where we have used the symbols
In Ω α , from B αn = ∂ αn S α , we have
Multiplying above by λ n−1 α ∂ p λ α and taking the projection () (0,≤−2) then we obtain
where Q α,n (λ) = B αn (λ)/n. Taking the summation n=0 µ −n and noting that
Integrating above with respect to p α (λ) by fixing the integration constant at µ → ∞, we find
Rewriting the expressions of p α − q α , p α and B αn in kernel formula (9) as
then the kernel formula (9) becomes
In Ω 0 ∩ Ω α , let us rewrite (5) as
By replacing S 0 (λ) by S α (λ) and using the relations
then we have
On the other hand, one can derive (11) from the kernel formula (9) by expressing it as
which, after making an exchange λ ↔ µ, coincides with (11).
In Ω α ∩ Ω β with α = β, we rewrite (9) as
By replacing S α (λ) by S β (λ), then above equation becomes
Since
where φ β is defined by (2) and
Thus eq.(12) can be expressed as
Eqs. (6), (10), (11) and (13) constitute the dispersionless Hirota equations of the genus-zero universal Whitham hierarchy. They describe algebraic relations between second derivatives of the free energy F . Remarkably, our results coincide with that by Takasaki and Takebe [26] who derived these equations from the Hamilton-Jacobian equations in the context of the Faber polynomials.
Dispersionless Hirota Equations
Using the parametrization [27] :t 0n = nt 0n ,t α0 = t α0 andt αn = nt αn . the corresponding time derivative is written as∂ αn = ∂ ∂tαn . Then the four dispersionless Hirota equations can be rewritten as [26] 
where we have use the new symbols :
αn . This set of equations will be our main interests in the following discussion. Note that they have the same form if applying the differentiation operator D δ (ν) on them. The result can be summarized as a single equation:
where α, β, δ = 0, 1, 2, · · · , N . In fact, we may rewrite (14) as a set of equations satisfied by the second derivatives of F . Letting µ → λ in (14) we have
kF αk,01 = eF 0α0,α0 P k−1 (X), X j≥1 = n+m=jF αn,αm
nF αn,βm where k ≥ 1 and P k (X) are Schur polynomials defined by e j=1 X j s j = k=0 P k (X)s k . The first nontrivial one of each dHirota equation is given beloŵ α1,β0 = 0
We remark that, in terms of t αn , the first and the second equations are just the dKP and dToda equations, respectively. 
WDVV equations
Let F be a function of the time variablest J where the subscribes J = {(0, n), (α, m)} with 
Hence the WDVV equations can be expressed in terms of the generating function aŝ
From dHirota to WDVV
Applying∂ αl on the first line of dHirota equation (14), we get
The left hand side isD
while the right hand side is
Hence, we haveĈ
By the same way, one can get the other structure constant generating functions from the rest of equation (14) . The formulas are listed below:
We remark here that by comparing above with (19) it is easy to show that (20) is totally symmetric with respect to the permutation of u α , v β , w γ , z δ , however, it is enough to prove the symmetry with respect to the permutation of v β and w γ in (20) , that
For the case of α, β, γ, δ = 0, we need to prove that
By virtue of (15), one can easily check that it is an identity. Take as the second case : α = β = γ = δ = 0, we need to prove that
Consulting (15), one can see that it actually holds. As for the case : α = γ = δ,β = 0, the one needed to be proven is that
One can also verify that it is true according to (15) . For the other cases , the calculation is similar to the above one, we omit that here.
Realization of the Associative algebra
To construct the generators {φ J } which realize the associative algebra with structure constantŝ C L JK obtained in the previous subsection we definê
such thatφ 0n (p) are polynomials in p andφ αn (p) for α = 0 are polynomials in (p − q α ) −1 .
In particular,φ 01 (p) = 1, the unit element of the algebra. Equations (3) and (7) provide the recursion relations forφ 0n (p) andφ αn (p), respectively. There are four classes to be discussed.
In Ω 0 ,from the kernel formula (4) we have
which together with (19) impliesφ
In Ω α , note that the kernel formula (8) can be rewritten as the following form:
By the same way as above, we havê
While in Ω 0 ∩ Ω α , it's easy to see that
which implies thatφ
Finally, in Ω α ∩ Ω β , we havê
Therefore, the generators {φ J } indeed satisfy the algebraφ J ·φ J = LĈ L JKφ L with structure constants defined in the previous section.
Next let us derive the residue formulas for the third derivatives of F directly from the dHirota equations. Applying∂ 01 on the first dHirota equation (14), we see that
and thusD
Expanding both side of (27) in the powers of u,v,w, we get that
where, due to the fact that 0
in the numerator of (27) . For those cases containing different domain indices, one can derive the formulas by straightforward calculations. In fact, they can be summarized as a single equation :
where α, β, γ = 0, 1, · · · , N andD(λ) denotes as a bookkeeping notation defined byD(λ(p α )) = D α (λ).
Finite-dimensional reductions
We now consider finite-dimensional reductions of the Whitham hierarchy. Suppose φ α (λ) are times-independent functions so that E(p) = φ α (λ(p)) is a meromorphic function of p in Ω α (α = 0, · · · , N ) with the number of poles being unchanged under the flowst αn . Then the sum of the residue in the third derivative of F is now the zeros of E ′ (p):
Such a finite-dimensional reduction imposes a set of additional constraints on the system and the algebra becomes finite-dimensional. Since unknowns of the system are functions of the second derivative of the free energy F , one can chooseF 01,P ≡F IP as the independent variables called primary fields where the time parameters {t P } span a finite-dimensional small phase space. All otherF ID can be expressed in terms of these primary fields through a functional relation Q D (F IP ) where D denotes those time indices outside the set P . With respect to this separation, we rewrite theF KLM aŝ
The objectC
define the structure constant of a finite-dimensional algebra generated by the primary fields. Consequently the finite-dimensional WDVV equation
Following [3] , one can show that thisX JKLM is totally symmetric with respect to all the indices in the set P by proving that
This completes the verification for the associativity equations corresponding to finite-dimensional reductions of the dHirota equations. Define a scalar product :
then we see that η JK =F JKI = φ J ·φ K because ofφ I = 1. Thereforê
This gives another proof of the WDVV equation since now it readsX JKLM = φ JφK ·φ LφM and the symmetry with respect to the permutation is now obvious. Let us mention the wellknown finite-dimensional reduction constructed by Krichever [16] , in which φ α (λ) = λ nα α and E(p) is a rational function of the form
which provides the algebraic orbits(or Lax function) of genus-zero Whitham hierarchy. Note that the number of zeros p s in (28) is equal to the number of unknowns {u n 0 , · · · , u n 0 −2 , v αs , q α } and the small phase space is characterized by the time-parameterst P with P being the set {(0, i), i = 1, · · · , n 0 − 1; (α, m), α = 1, · · · , N ; m = 0, · · · , n α }.
Concluding Remarks
We have demonstrated that the kernel formula approach developed by Carroll and Kodama for the dKP hierarchy can be generalized well to the universal Whitham hierarchy. The obtained dHirota equations are exactly the same as those derived by Takasaki and Takebe using the notion of Faber polynomials. We extract the structure constants of an associate algebra from the dHirota equations and verify the associativity equations of the algebra. Finally, we give a realization of the associative algebra with the structure constants expressed in terms of the residue formula and verify the associativity equations for finite-dimensional reductions. We like to emphasize that the kernel formula approach indeed provides an efficient way to derive the dHirota equations of the genus-zero Whitham hierarchy. It would be interesting to generalize and/or reformulate the kernel formula approach to higher genus [16] . We hope to address this issue in the future work.
